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^ ■ Abstract 



This paper first reviews quantum measure and integration the- 
ory. A new representation of the quantum integral is presented. This 
representation is illustrated by computing some quantum (Lebesgue) 2 
integrals. The rest of the paper only considers finite spaces. Anhomo- 
fvi \ morphic logics are discussed and the classical domain of a coevent is 

CN ■ studied. Pure quantum measures and coevents are considered and it 

I/-) ■ is shown that pure quantum measures are precisely the extremal ele- 

•O ments for the set of quantum measures bounded above by one. This 

result is then used to prove a connection between quantum measures 
on a (finite) event space A and an anhomomorphic logic .4*. To be 
precise, it is shown that any quantum measure on A can be transferred 
KS ' to an ordinary measure on A*. In this way, the quantum dynamics on 

C$ • A can be described by a classical dynamics on the larger space A*. 

1 Introduction 

Quantum measures and the coevent interpretation were introduced by R. 
Sorkin in his studies of the histories approach to quantum mechanics and 
quantum gravity [HJ H2J [HJ [EJ [16]. Since then a considerable amount of 
literature has appeared on these subjects [TJ El El SI El [Zl El El [10l [13l [TTl [18] - 

A quantum measure \i describes the dyamics of a quantum system in the sense 
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that fi(A) gives the propensity that the event A occurs. Denoting the set of 
events by A, a coevent is a potential reality for the system given by a truth 
function <p: A — > Z2 where Z2 is the two element Boolean algebra {0,1}. 
Since coevents need not be Boolean homomorphisms, the set A* of coevents 
is called an anhomomorphic logic [21 El IH El El [TUl [HI [17]. We refer to 
the study of anhomomorphic logics as the coevent interpretation of quantum 
mechanics. One of the goals of this field is to find the "actual reality" in A* 

M ma nana eh. 

In Section 2, we first review quantum measure and integration theory. A 
new representation of the quantum integral is presented. As an example, this 
representation is employed to compute quantum (Lebesgue) 2 integrals. Al- 
though general event spaces are treated in Section 2, only finite event spaces 
are considered in the rest of the paper. Section 3 discusses anhomomorphic 
logics. The center and classical domain of a coevent are studied. Section 4 
first considers pure quantum measures and coevents. We show that the pure 
quantum measures are precisely the extremal elements for the convex set of 
quantum measures bounded above by one. This result is then employed to 
prove an important connection between quantum measures and anhomomor- 
phic logics. More precisely, we show that any quantum measure on a (finite) 
event space A can be transferred to an ordinary measure on A*. In this way 
the quantum dynamics on A can be described by a classical dynamics on the 
larger space A*. Variations of this transference result show that pure and 
quadratic anhomomorphic logics have better mathematical properties than 
additive or multiplicative ones. 

2 Quantum Measures and Integrals 

Let (Q, A) be a measurable space, where Q is a set of outcomes and A is a 
a-algebra of subsets of Q called events for a physical system. If A, B G A 
are disjoint, we denote their union by A U B. A nonnegative set function 
H : A — > 1R + is grade-2 additive if 

/i(iUBUC) = ^(/lUB)+/i( J 4UC)+/i(5UC)- 11(A) - fi(B) - /i(C) 

(2.1) 



for all mutually disjoint A,B,C E A. It follows by induction that if \i satisfies 
( ED then 

(n \ n n 

{JaA= J2 »(A i VA j )-(n-2)Y,KA) (2.2) 

A q-measure is a grade-2 additive set function fi: A — > R + that satisfies the 
following two continuity conditions. 

(CI) If A 1 C Ai C ■ • • is an increasing sequence in A, then 

(oo N 

i=l 
(C2) If A\ D y4 2 5 ■ ■ • is a decreasing sequence in .4, then 

(oo 

Due to quantum interference, a g-measure need not satisfy the usual 
additivity condition of an ordinary measure but satisfies the more general 
grade-2 additivity condition ( 12. ip instead [2j[TU[T5]. F° r example, if v. A^- 
C is a complex measure corresponding to a quantum amplitude, then n(A) = 
\v{A)\ becomes a q- measure. For another example, let D: A x A — > C be 
a decoherence functional as studied in the histories approach to quantum 
mechanics [TTJ H2J El H3J- Then /x(4) = D(A, A) becomes a g-measure. If /i 
is a g-measure on A, we call (Q,A, /i) a q-measure space. 

A signed measure A : A x „4 — > R, where .4 x .4 is the product cr-algebra 
on II x (1, is symmetric if A(A x B) = X(B x A) for all A,BeA and is 
diagonally positive if A(*4. x .4) > for all A E A. It can be shown that 
ifA:^4x^4— ^ R is a symmetric diagonally positive signed measure, then 
n{A) = X(A x A) is a g-measure on A. Conversely, if /x is a g- measure on A, 
then there exists a unique symmetric signed measure A: A x A — > R such 
that /i(A) = A(4 x A) for all A e .4 [6]. 

Let fi n = {wi, . . . , u n } be a finite outcome space. In this case we take 
A n to be the power set P(ft n ) = 2 Un . Any grade-2 additive set function 
/i: A n — > R + is a g-measure because (CI) and (C2) hold automatically. We 
call (fi n , A n , /i) a. finite q-measure space. The study of finite g-measure spaces 
is simplified because by (12. 2p the g-measure /i is determined by its values on 



singleton sets /x(cuj) = \x ({cui}), i = 1, . . . , n and doubleton sets /i ({wj, ojj}), 
i < j, i, j = 1, . . . , n. We call 

I?i = V ({wt, Wj}) - M^i) - M w i) (2.3) 

the ij-interference term, i < j, i,j — 1, . . . ,n [5]. The Dirac measure Si 
defined by 

10 if a;* f A 

is clearly a g-measure on A n - The product ^ = SiSj, i ^ j, is not a measure 
because 6ij(u)i) = b~ij(uj) = and Sij ({cOi,Uj}) = 1. However, we have the 
following . 

Lemma 2.1. The product 5^, i ^ j , is a q-measure on A n - 

Proof. Notice that 



1 if {u>i,u>j} C A 



if {ui,Uj} % A 

If % (A U 5 U C) = 0, then {a;*, w,]^UBtJ C. Hence, {wt, w,} is not a 
subset of A, S, C, A U S, A U C or 5 U C. Hence, 

4(^4 U £) + ^ (A U C) + 4(# U C) " Si (A) - 4( s ) - 4(C) = o 

If <5-j (A UB U C) = 1, then {w^, Wj}CAuBU C. If {w*, w,} C A, then 

5ij (A U 5) + 4- (A UC) + 4- (5 U C) - 6^ (A) - 4(S) - ^(C) 
= 1+1+0-1-0-0= 1 

If Ui G A, u)j G 5, then 

4- (A U 5) + 4- (A U C) + 4(fi U C) - S tJ (A) - 4(5) - 4(C) 
= 1 + + 0-0-0-0 = 1 

The other cases hold by symmetry. □ 

A more general proof than that in Lemma 12.11 shows that the product 
of any two measures is a g-measure. A signed q-measure is a set function 
/i: A n — > 1R + that satisfies (12.11) . Letting S(An) be the set of signed q- 
measures, it is clear that S(A n ) is a real linear space. Also, a signed q- 
measure is determined by its values on singleton and doubleton sets. 



Theorem 2.2. The q-measures 8\, . . . , S n , 5\2, S13, . . . , S n -x n form a basis for 
S(A n ). 

Proof. To show linear independence, suppose that 

n n 

}, CjSj + ) y dijdij = 
Evaluating at {uk} gives Ck = 0, k — 1, . . . , n. Hence, 

n 

and evaluating at {u r ,w s } gives d rs = 0, r < s. This proves linear indepen- 
dence. To show that these q- measures span S(A n ), let /i G «S( v A n ). Defining 
J^- as in (j2.3p . we have that 

n n 

i=l i<j=l 

because both sides agree on singleton and doubleton sets. D 

We conclude from Theorem 12.21 that 

dim S(A n ) =n+ (" j = n(n + l)/2 

Also, if /i is a g-measure on ^4„, then \i has the unique representation given 
by f)2.4p . The next theorem proves a result that we already mentioned for 
the particular case of a finite Q. 

Theorem 2.3. If fi is a q-measure on A n , then there exists a unique sym- 
metric signed measure A on A n x A n such fi{A) = X(A x A) for all A G A n . 

Proof. Define the function a : Q n x Q n — > M. by a(uji, Wj) = n(uJi), i = 1, . . . , n, 
and 

i < j, i, j = 1, . . . , n. Define the signed measure A on A n x A n by 



A(A) = |^a(«i,«j): (a;*, to,-) G Aj 



Now A is symmetric because 

X(A x B) = < ^2 ®(ui, °°j) '■ ( w « 5 Uj) e A x B \ 
= < y^ a(u{, Uj) : Ui G A, Uj G B > 
= < 2_] ct(uj, Ui) : Ui G A, Uj G B > 
= < Y^ a(uj, Ui) : (co,-, Wj) G 5 x A i = X(B x A) 



We now show that X(A x A) = fi(A) for all A G A„. We can assume without 
loss of generality that A = {ui, . . . ,u m }, 2 < m < n. It follows from (12.21) 
that 

m m 

K A ) = Y v (&*> ^}) -( m ~ 2 )Yl ^( w *) 

i<j=l 8=1 

Moreover, we have that 



X(A x A) = < Y, a(ui, Uj) : Ui, Uj G A \ 



= s ^a(u h Ui) + 2 Y oi(ui,Uj) 

8=1 i<j = l 

m m 

8=1 i<j=l 

mm m 

= ^2fi(ui)+ Y )"({wt,Wj})- JZ [j"(wi)-M w i)] 

8=1 8<J=1 i<j = l 

mm m 

= Y ^ Ui "> + Y ^ ({^> ^}) - ( m - 1) Y ^( w *) 

8=1 8<J = 1 8 = 1 

m m 

= X) ^ ({ W *» ^ ~ ( m ~ 2 ) 5Z ^( W <) = ^ A "> 
i<j=l 8=1 

To prove uniqueness, suppose A' : A n x *A n — )• R is a symmetric signed mea- 
sure satisfying X'(A x A) = fi(A) for every A G A n . We then have that 

A' l(ui,u.j)] = X' [{ui} x {u^] = fj,(ui) = X {(ui,Ui)] 



for % = 1, . . . , n. Moreover, letting A = {(wj, Wj)} we have that 

fi{A) = X'(A xA) = X' [( Ui , Ui)] + X' [{u j7 Uj)] + 2X' [{u i7 u>j)] 
= X [(u>i, Ui)] + A [(u)j, Uj)] + 2A [(u>i, Uj)) 

Hence, A' [(o>j, Uj)] = X [(u>i, Uj)] and since signed measures are determined 
by their values on singleton sets, we have that A' = A. □ 

Let (fl, A, /i) be a g-measure space and let / : Q —¥ R be a measurable 
function. The q-integral of / is defined by 

//•OO /*oo 

fdfi= fi[f-\X,oo)]d\- fi[f-\-oo,-X)]dX (2.5) 

Jo Jo 

where dX denotes Lebesgue measure on 1 [Tj. Any measurable function 
/: O — ¥ R has a unique representation / = f\ — / 2 where /i,/2 > are 
measurable and fif 2 = 0. It follows that 

/ fdfj, = / fidfi - / / 2 d/a (2.6) 

Because of (12. 6p we only need to consider q- integrals of nonnegative functions. 



As usual in integration theory, if A e A we define / fdfi = / fxAdfi where 

Xa is the characteristic function for A. 

Any nonnegative simple measurable function / : O — > R + has the canon- 
ical representation 

n 

/ = J>X4, (2.7) 

where A, fl Aj — 0, i ^ j, UAi = Q and < a.\ < a 2 ■ ■ ■ < a n . It follows 
from d22J that 

fdfi = «i /i I [J A; j - /i I (J Aj 

\j=l / \j=2 

+ • • • + a„_! [// (A n _! U A n ) - /i(A n )] + a n fi(A n ) (2.8) 

Example 1. Let /: Q n — > R + be a nonnegative function on Q n and let 

/i: A„ — ¥ R + be a g-measure. Also, let A: A n x A„ — >■ R be the unique 



symmetric signed measure such that n(A) = X(A x A) for every A e A n . We 
can assume without loss of generality that 

< /(wi) < fM < ■ ■ ■ < /(w„) 
By (I2.8P we have for i < j that 

fddij = f(0Jl) 8ij ({(jJi, ..., UJ n }) - Sij ({w 2 , • • • , w„}) 

H H /k-l) <Jy ({W n -1, ^n}) ~ <*ii(w n ) + /K)5«j(w„) 

= /(w») = min (/(wj), /(w^)) 
By (j2.4p and the proof of Theorem 12.3} it follows that 



fd/i = fd 



Y l fi(u i )S i + Ys^A 



i=l 



i<j=l 



Y H(ui)f(ui) + J2 T ij min (/( w 0> /( w i)) 



n 



i<j = l 



5^ min (/(w<), /(wj-)) A [( w *> w i)] 
min(/(w),/(fa/))dA(a;,fa/) 



(2.9) 



Example 2. Let z/: ,A n — > C be a complex measure and define the q- 
measure //: *A n — >■ M + by //(A) = |^(A)| • Then for % < j we have 



l£. = \is(ui) + v{(jjj)\ - \v(u)i)\ - \v{uj)\ = 2Re iy(ui)iy(uj) 
By ( 12. 4 p we conclude that 

n m 



n 



i<j=l 



= 2_^\v(u>i)\ Si + 2Re YJ K a; *) I/ ( a; ,j) < ^' 



i=l 
n 



i<j=l 



22 V ( U i)5i 



t=l 



As in Example 1, we obtain 

/n n 

Equation (I2.9p suggests the following new characterization of the g-integral. 
If J \f\ dji < oo, then / is integrable. 

Theorem 2.4. Let (Q,A,fi) be a q-measure space and let f: Q — > M + be 

integrable. If A : A x A — > R zs i/ie unique symmetric signed measure such 
that n(A) = X(A x A) /or a// A E A, then 

j ' fdfi = J min (/(w), /(a/)) dA(a;, u/) (2.10) 

Proof. Let / be a nonnegative simple function on Q with canonical represen- 
tation (j2.7p . If g(u),u)') = min(/(u;),/(u/)), then when a; G Aj, a;' G A, we 
have that 

Joj ifz<j 

[a, it j < « 

Hence, 

n n 

i<j'=l »>i=l 

It follows that 

/n n 

g(u,u')d\(uj,u)') = Y a iK A i x A) + JZ a i A (A x A/) 

= ai [A(Ai x Ax) + 2A(Ai x A 2 ) + ■ ■ ■ + 2A(A X x A n )} 
+ a 2 [\(A 2 x A 2 ) + 2\(A 2 x A 3 ) + ■ ■ ■ + 2\(A 2 x A n )] 

+ a n _i [A(A n _iX n _i) + 2A(A„_i x A n )] 
+ a n X(A n x A n ) 



On the other hand, by (J2.8P and grade-2 additivity we have 

/ fdfi = at [ix{A x ID A 2 ) + ■ ■ ■ + n(A x U A n ) 

-(n - l)^(A) - li{A 2 ) fi(A n )} 

+ a 2 [n(A 2 U A3) + • ■ ■ + n{A 2 a A n ) 
-(n - 2)/i(A 2 ) - n(A 3 ) //(A n )] 



+ a n -! [/i(A n _i U A„,) - fi(A n )] + a n (j,(A n ) 

= at [A(Ai U A 2 x Ai U A 2 ) H h A(Ai U A n x Ax U A n ) 

-(n - l)/x(Ai) - ju(A 2 ) /u(A)] 

+ a 2 [A(A 2 U A 3 x A 2 U A 3 ) + • • • + A(A 2 U A n x A 2 U A n ) 
-(n - 2)/i(A 2 ) - //(A 3 ) fi(A„)} 

+ a n _i [A(A n _x U An x A„_! U A n ) - n(A n )} + a n ji(A n ) 
= «i [A(Ai x Ax) + 2A(Ai x A 2 ) + A(A 2 x A 2 ) + ■ ■ • + A(A X x Ax) 
+2A(A X x An) + A(A„ x A n ) 

-{n - l)/i(Ai) - fi(A 2 ) (i{A„)} 

+ a 2 [A(A 2 x A 2 ) + 2(A 2 x A 3 ) + A(A 3 x A 3 ) + ■ • • + A(A 2 x A 2 ) 

+2A(A 2 x A n ) + A(A„ x A n ) 

-{n - 2)/i(A 2 ) - fi{A 3 ) fi{A n )} 

+ a n _i [A(A n _i x A n _i) + 2A(A n _! x A n ) + A(A„ x A n ) - /^(A n )] 
+ a ny u(A n ) 

which reduces to the expression given for f g(u),u>')d\(u), u/). We conclude 
that f)2.10p holds for nonnegative measurable simple functions. Since / is the 
limit of an increasing sequence of such functions, the result follows from the 
quantum dominated monotone convergence theorem [TJ. □ 

We now apply Theorem !2.4l to compute some q- integrals for an interesting 
g-measure. Let Q = [0, 1] C IR, let v be Lebesgue measure on Q and define 
the g-measure \i on the Borel cr-algebra B(M.) by //(A) = ^(A) 2 . We call /1 the 
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quantum (Lebesgue) 2 measure. By Theorem I2.4[ if / : Q — > M + is integrable 
and < a < b < 1, we have 

b p rb rb 

fdfi= / fdn= j I min(f(x),f(y))dxdy (2.11) 

Suppose / is increasing on Q and let g y (x) = min (f(x), f(y))- Then 

f(x) for x < y 



9u{x) 



f(y) for x > y 



Hence, by (12. lip we have 



b rb 



fd\x — / g y (x)dxdy 



b r ry 



f(x)dx + f(y){b-y) 



dy (2.12) 



Since 



b j"y rb rb rb 

f(x)dxdy= / / f(x)dydx = / f{x)(b — x)dx 

J a Jx J a 



we conclude from (12.121) that 

-b rb ry 



rb rO ry rO 

/ fdfx = 2 / f(x)dxdy = 2 f(x)(b-x)dx (2.13) 

J a Ja J a Ja 

Similarly, if / is decreasing, then 



fdfi 



f{y){y-a) + I f{x)dx 
y 



dy (2.14) 



Since 



b rb rb rx rb 

I f(x)dxdy= / / f(x)dydx= / f(x)(x — a)dx 

a J y J a J a J a 



(I2.14p becomes 



fdfi = 2 J / f(x)dxdy = 2 j f(x)(x — a)dx (2-15) 

la Jy 
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Example 3. For n > 0, since f(x) = x n is increasing, by (I2.13P we have 



x n dfi = 2 J x n (b — x)dx 

2 



(n + l)(n + 2) 



[b n+2 - a n+l {{n + 2)b - (n + l)o)] 



Example 4. Since /(x) = e^ is increasing, by fl 2 . 1 3 [) we have 

-b nb 

e x dx = 2 e x (b - x)dx = 2e b - 2e a (b -a + 1) 

J a 

Example 5. For n > 3, since f(x) = x~ n is decreasing, by (2.15) we have 

b rb 

x~ n dfx = 2 x~ n (x — a)dx 

J a 

= 7 ^ ^ [b- n+1 ((n - 2)o - (n - 1)6) + a^ +2 ] 

(n — ±){n — 2) L J 

3 Anhomomorphic Logics 

In this and the next section we shall restrict our attention to a finite outcome 
space fl n = {u>i, . . . , u n } and its corresponding set of events A n = P(fl n ). Let 
Z 2 be the two element Boolean algebra {0, 1} with the usual multiplication 
and with addition given byO©l = l©0 = landO©0 = l©l = 0. A 
coevent on A n is a truth function </>: A n — > Z 2 such that 0(0) = [21 H4"IH5"] . 
A coevent corresponds to a potential reality for a physical system in the 
sense that <p(A) = 1 if A occurs and <f>(A) = if A does not occur. For a 
classical system a coevent <fi is taken to be a homomorphism by which we 
mean that 

(HI) 0(ft n ) = 1 (unital) 

(H2) <f)(A U5) = 0(A) © 0(5) (additive) 

(H3) <f>(A DB) = cf)(A)(f)(B) (multiplicative) 
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Since there are various quantum systems for which the truth function 
is not a homomorphism [21 [TJ], at least one of these condition must fail. 
Denoting the set of coevents by A* n) since the elements of A* n are not all 
homomorphisms we call A* n the full anhomomorphic logic [Sj. Notice that 
the cardinality \A^\ = 2 2 ™ -1 is very large. 

Corresponding to Ui G fl n we define the evaluation map u* : A n — ¥ Z 2 
by u)*(A) = 1 if and only if Ui G A. It can be shown that a coevent is a 
homomorphism if and only if = uj* for some % = 1, . . . , n [21 IS]- Thus, there 
are only n possible realities for a classical system. For two coevents 0, if) we 
define their sum and product in the usual way by (0 ©■?/>) (A) = (f>(A) ®ip(A) 
and (<jn/j)(A) = <j)(A)ip(A) for all A G A n . It can be shown that any coevent 
has a unique representation (up to order of the terms) as a polynomial in the 
evaluation maps. 

A coevent that satisfies (H2) is called additive and is additive if and 
only if it has the form 

= CiW* © ■ • • © c„w* 

where q = or 1, % = l,...,n [21 El [TJ]. Denoting the set of additive 
coevents by *A* >a , we see that L4*J = 2 n . A coevent that satisfies (H3) is 
called multiplicative and is multiplicative if and only if it has the form 



u h u h ■■■uj, 



where, by convention, <fi = if there are no terms in the product [21 El 
ITT] . Denoting the set of multiplicative coevents by A* nm we again have that 
1*4* m = 2 n . A coevent <p is quadratic or grade-2 if it satisfies 

0(A U 5 U C) = <j>{A U 5) © 0(A U C) © 0(5 U C) © 0(A) © 0(5) © 0(C) 

It can be shown that is quadratic if and only if it has the form 

= CiUj{ © • • • © C n UJ* n © di2U){u)l © • • • © d n -l, n ^n-x<^n 



-j 



where q = or 1, % = 1, . . . ,n, and dy = or 1, i < j, i,j = 1, 

[21 |S]. Denoting the set of quadratic coevents by *4* , we have that L4^ g | = 

ora(n+l)/2 

Let S be a Boolean algebra of subsets of a set. The set-theoretic oper- 
ations on B are U, fl and ' where A' denotes the complement of A e B. A 
subset B C ^ is called a subalgebra (or subring) of i3 if G So, A U 5, 
A n B, A \ 5 G B whenever A, B G B where A \ 5 = A n 5'. If fi is finite, 

13 



then £>o has a largest element C and £> is itself a Boolean algebra under the 
operations U, fl and complement A! — C \ A. 

For G *4*, it is of interest to find subalgebras of A n on which acts 
classically. If Bo is a subalgebra of A n and the restriction | Bq is a homo- 
morphism, then £>o is a classical subdomain for 0. A classical domain B for 
is a maximal classical subdomain for 0. That is, B is a classical subdomain 
for and if C is a classical subdomain for with £> C C, then £> = C. Any 
classical subdomain is contained in a classical domain B but £> need not be 
unique. The rest of this section is devoted to the study of classical domains. 
For G At, the 0- center Z& is the set of elements A G «4 n such that 



v n • 



0(B) = 0(B n A) © 0(B n A') (3.1) 

for all 5eA. 

Theorem 3.1. Z$ is a subalgebra of A n and | Z^ is additive. 

Proof. It is clear that 0, Q n G Z^ and that A' G Z^, whenever A G Z^. 
Suppose that A,B & Z$. We shall show that A fl B G Z^,. Since B G Z^, we 
have that 

0(C n A) = 0(c n A n 5) © 0(c n A n B') 

Hence, 

0(C n A n B) = 0(c n A) © 0(c n A n b') 

for all C G »4 n . It follows that 

0(C n AnB) © (c n (A n 5)') = 0(c n A n 5) © (c n (A' u 5')) 
= 0(C n A) © 0(c n A n 5') © [(c n A') u (c n b')\ 
= 0(C) © 0(C n A') © 0(c n A n 5') © [(c n A') u (c n b')] 
= 0(C) © 0(C n A') © 0(c n A n 5') © 0(c n A n 5') 

© [(c n A') u(cn/n b')] 
= 0(C) © 0(C n A') © 0(c n A') = 0(C) 

Hence, AnB G Z . Moreover, MA, Be Z , then A', B' G Z so A'flE' € Z^. 
Hence, AU5 = (A' fl B')' G Z^. It follows that Z^ is a subalgebra of A n . To 
show that | Z^ is additive, suppose that A,B G Z^ with A fl B = 0. We 
conclude that 

0(A u 5) = [(A u 5) n A] © [(A u B) n A'] = 0(A) © 0(B) □ 
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A general G A* n may have many classical domains and these seem to 
be tedious to find. However, Z^ is relatively easy to find and we now give 
a method for constructing classical subdomains within Z$. Since \ Z^ is 
additive, we are partly there and only need to find a subalgebra Z\ of Z^ on 
which is multiplicative and not 0. Indeed, the unital condition (HI) then 
holds because there exists an A such that <fi{A) ^ and hence, 

0(A) = 0(A n C) = 0(A)0(C) 

which implies that 0(C) = 1 where C is the largest element of Z\. 

An atom in a Boolean algebra is a minimal nonzero element. Let Ai, . . . , A Ti 
be the atoms of Z^. Then Ai, . . . , A m are mutually disjoint, nonempty and 
tlAi = Q n . Moreover, every nonempty set in Z^ has the form B = \iZ =1 Ai j . 
Define A* E A* n by A* (A) = 1 if and only if A { C A, i — 1, . . . , m. Since is 
additive on Z^, it follows that has the form 

<t> = K © • • • © A* r 

on Z^. We can assume without loss of generality that 

= A{ © • • • © ^ 

Let Z^, be the subalgebra of Z^ generated by A^, A r+1 , . . . , A m , i = 1, . . . , r. 
Then0 | Z\ = A*, i = 1, . . . ,r. 

Corollary 3.2. 7/0^0, £/ien Z^ is a classical subdomain for <p, i = I, . . . ,r. 

Proof. For simplicity, we work with Zi and the other Z\, i = 2, . . . ,r are 
similar. Now Z\ is a subalgebra of A n with largest element 

5i = A 1 U A-+1 U A r+2 U • • • U A m 

Now | Z\ = A\, A\ is additive and Aj(5i) = 1. To show that A^ is 
multiplicative, we have for A, B E Zl that AJ(A fl 5) = 1 if and only if 
A X C ADB. Since A* 1 (A)A* 1 (B) = 1 if and only if A x C 4 and Ax C 5, we 
have that A* (A) A* (5) = 1 if and only ifiiCAnB. Hence, A\ (A n £) = 
A* (A) A* (5). We conclude that | Zl = A^ is a homomorphism on Zl. D 

Example 6. We consider some coevents in A^. For = oo^u^, 

Z^ = {0, {w 3 } , {wi, w 2 } , ^3} 
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and Z^ is the unique classical domain for 0. For ip = u>l © u^, Z^ = A3 and 
the two classical domains for if) are 

{0, {wi} , {u 3 } , {wi, w 3 }} , {0, {w 2 } , {u 3 } , {w 2 , w 3 }} 

For 7 = W* © w * © w*, Z 7 = *4 3 , Z] = {0, { Wl }}, ^ = {0, {co 2 }}, Z* = 
{0, {CU3}}. The classical domains for 7 are 

{0, {Wi},{w 2 ,W 3 },fi 3 }, {0, {uj 2 },{uj 1 ,UJ3},n 3 }, {0, {w 3 } , {^i, W 2 } , fi 3 } 

For 5 = WjCJjWg, the unique classical domain is Z§ = {0, Q 3 }. 

4 Transferring Quantum Measures 

This section provides a connection between the previous two sections. We 
study a method for transferring a g-measure on A n to a measure on ^4*. A 
g-measure \x on ^4 n is pure if the values of \x are contained in {0, 1}. Let 
M. (A n ) be the set of g-measures ji on A n such that 

max {11(A) : A G A n } < 1 

We have seen in Section 2 that the set of signed g-measures on A n forms a 
finite dimensional real linear space S(A n ) and it is clear that Ai(A n ) is a 
convex subset of S(A n ). Letting V(A n ) be the set of pure g-measures, we now 
show that the elements of V(A n ) are extremal in Ai(A n ). Let // G "P(^4 n ) 
and suppose that /i = A//i + (1 — A)yU 2 for < A < 1 and /ii, /i 2 G A4 (*4. n )- If 
/j,(A) = 0, then 

Aa*i(A) + (1 - A)/i 2 (A) = 

so that /ii(A) = yU 2 (A) = 0. If /i(A) = 1, then 

Xfn(A) + (1 - A)^(A) = 1 

so that Hi(A) = 112(A) = 1. Hence, /ii = /i 2 = /i which shows that /i is 
extremal. 

We next show that the extremal elements of Ai(A n ) are in V(A n )- To 
illustrate this, let /i G .M (*4. 2 ) be extremal. If n ^ P(^4 2 ), then at least one 
of the numbers /i(o;i), /i(w 2 ), M^) is not or 1. Suppose, for example that 
< fi(ooi) < 1. Then there exists an e > such that e < fi(u>i) < 1—e. Define 
Hi : A2 — > IR + by Hi(A) = fi(A) if A 7^ {wi} and ^i(wi) = //(wi) + 5. Also, 
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define /x 2 : A. 2 — > M + by /x 2 (A) = fi(A) if A ^ {^1} and /x 2 (cji) = M^i) — e - 
Then /x 1; /x 2 € ^(^.2); A*i 7^ A*2 and /i = |/Xx + ~/x 2 . This contradicts the fact 
that /x is extremal. Hence, /x G V{Ai). 

Theorem 4.1. "P(A. n ) zs 'precisely the set of extremal elements of M.(A n ). 

Proof. Denoting the set of extremal elements of Ai(A n ) by Ext .M(A. n ) we 
have already shown that V(A n ) C Ext A4(A n ). The proof that Ext Ai(A n ) C 
V(An) in general appears to be quite tedious so we shall indicate the proof 
for .A3 and A.4 whereby the reader can see the pattern. To show that 
Ext_A/f(A 3 ) C V(A 3 ) suppose that /x G Ext M(A 3 ) and /x ^ ^(.As). Then 
one of the numbers /x(v4), A G A 3 \ {0} is not or 1. Since 

//(fi 3 ) = /X ({Wi, W 2 }) + yU ({Wl, W 3 }) + yU ({W2, ^3}) - fJ-M ~ A«(W2) ~ ju(w 3 ) 

(4.1) 
a second of these numbers is not or 1. There are various possibilities, 
all of which are similar, and we shall consider two of them. Suppose, for 
example, that < \x ({wi,^}) < 1 and < fi(u 3 ) < 1. Then there exists 
an e > such that e < /x ({W2, u^}) < 1 — e and e < fi(u>3) < 1 — £. Define 
Hi : A.3 — >■ M + by /ii(A) = 11(A) for A 7^ {u;i,u; 2 } or {^3} and /Xi(w 3 ) = 
^(a; 3 ) + £, Hi({u>i,u)2}) = /x ({u;i,u; 2 }) + £ - Thus, /ii satisfies (14.1 j) so /xi G 
7W(A. 3 ). Define /x 2 : A 3 -> M + by /x 2 (A) = 11(A) for A 7^ {u 1 ,u 2 } or {w 3 } and 
^2(^3) = ju(w3) - £, A*2 ({^i, w 2 }) = /i ({wi, Co» 2 }) - £• Again /x 2 satisfies (14. ip 
so /x 2 G A^(A.3). Also, /ii 7^ /i 2 and /i = |/xi + |/x 2 which contradicts the 
fact that /i G Ext M.(A 3 ). As another case, suppose that < n(u)\) < 1 and 
< /x(f2 3 ) < 1. Then there exists ane< /i(w) < 1 — e and £ < /x(f2 3 ) < 1 — e. 
Define /ii,/i 2 : A.3 ->■ M + by Hi(A) = /12(A) = /i(A) for all A 7^ {wi} or fi 3 and 
/ii(wi) = /x(wi)+e, /ii(fi 3 ) = /x(^3)-e, Ai2(wi) = fi(ui)-£, /x 2 (fi 3 ) + £- Then 
/ii, /x 2 satisfy (14. ip so /xi, /x 2 G .M (A.3). Moreover, /xi 7^ /x 2 and /x = ~/ii + |/x 2 
which contradicts the fact that /x G Ext .M (A.3). Since this method applies 
to all the cases, we conclude that Ext Ai(A 3 ) C "P(A.3). 

To show that Ext_A/f(A. 4 ) C V{A±) suppose that /x G Ext A4(A. 4 ) and 
/x ^ V(M.a). By grade-2 additivity we have that 

4 4 
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At({wi,w 2 ,w 3 }) (4.3) 

= fi ({Wi, CU 2 }) + M ({Wi, W 3 }) + M ({W 2 , W 3 }) - A«(Wl) - JU(W 2 ) ~ ^(^s) 

^({wi,w 2 ,w 4 }) (4.4) 

= /i ({wi, w 2 }) + A* ({wi, w 4 }) + A* ({w 2 , w 4 }) - A*(wi) - /i(w 2 ) - /i(w 4 ) 
At({wi,W3,w 4 }) (4.5) 

= fi ({Wi, W 3 }) + yU ({Wi, W 4 }) + /! ({w 3 , W 4 }) - jtt(Wi) - /i(w 3 ) - /i(w 4 ) 

M({w 2 ,w 3 ,w 4 }) (4.6) 

= fi ({w 2 , w 3 }) + )U ({w 2 , c; 4 }) + /i ({w 3 , w 4 }) - yu(w 2 ) - /i(w 3 ) - /i(w 4 ) 

Since fi £ V(Ai) we have that e > where 

£ = min {/i(A), 1 - fi{A) : AeAa, n(A) ^ 0, 1} 

There are many possibilities and we shall again treat two of them. In ( 14. 3p - 
( 14.61) if there is one term that is not or 1, then there are at least two such 
terms. Suppose that fi ({ui,u 2 }), fi ({coi,cj 3 }), fi ({u; 2 ,c<; 4 }), fi ({u; 3 ,c<; 4 }) are 
not or 1. Define fix : A4 — > M + by fi\{A) = fi(A) if A is not one of these 
four given sets and 

Mi ({wi, w 2 }) = fi ({wi, w 2 }) + e 

fix ({Wi, W 3 }) = |U ({wi, W 3 }) - £ 
Ml ({w 2 , ^4» = (i ({W 2 , W 4 }) - £ 
^1 ({w 3 , W 4 }) = jLt ({w 3 , W 4 }) + £ 

Then fix satisfies (|472|) (|476|) so fix G .M(Ai)- Define fi 2 : A A ^- M + the same 
as /ii except that e is replaced by —e. Again, fi 2 satisfies ( I4.2p -( J4T6"|) so 
fii G M.{A/x). Moreover, fix 7^ /i 2 and /i = |/i 4 + ~/x 2 which contradicts the 
fact that fi G Ext M.{A±). For our final case, suppose that fi(u) 3 ), fi ({c^i, w 2 }), 
// ({co> 3 , Co> 4 }), /i ({^i, w 2 , w 4 }) are not or 1. Define fix : A4 — > IR + by fix{A) = 
fi(A) if A is not one of these four given sets and Mi(a> 3 ) = /i(w 3 ) + £ 

fix ({ujx, w 2 }) = ft {{ux, uj 2 }) + £ 
fix ({w 3 , ^4}) = /x ({w 3 , w 4 }) + £ 

fix ({Wi, W 2 , W 4 }) = /! ({Wi, W 2 , W 4 }) + £ 

As before /i X satisfies ( H~2]) - (fl~6]) so fi x G .M(A)- Define /i 2 : A -> M + the 
same as /ii except e is replaced by — e. Again, fi 2 satisfies (|4.2p -( ]43|) so 



H2 G /A(Ai). Moreover, fii ^ ji 2 and 11 = \ii\ + |/x 2 which contradicts the 
fact that Li G Ext M.(Ai). Since this method applies to all the cases, we 
conclude that M{Aa) C V{A a ). D 

Corollary 4.2. If 11 is a q-measure onA n , then ii has the form 11 = Y^T=i ^A** 
for Aj > and \ii G V(A n ). 

Proof. Since Ai(A n ) is a compact convex subset of the finite dimensional 
real linear space S(A n ) by the Krein-Milman theorem, Ai(A n ) is the closed 
convex hull of its extremal elements. Applying Theorem 14.11 we have that 
Ext M(A n ) = V(A n ). Since V(A n ) is finite, the convex hull of V(A n ) is 
already closed. Hence, every /i G M.{A n ) has the form /i = Y1T=\ ^iVu where 
Hi G V(An), \i > and YmL\ Ai = 1. If /i is a g- measure, letting 

M = max {/i(A) : A G A} 

we have that fi/M G A^(^4 n ). The result now follows. □ 

A coevent (f> G A* n can be considered as a map <fi: A n — >■ {0, 1} where we 
view {0,1}CK with the usual addition and multiplication. If it happens that 
4> G .M (-4„) or equivalently (f> G "P^n), then we say that is a pure coevent. 
Conversely, if /z is a pure q- measure, then we call the map /2: A n — V Z 2 with 
the same values as fi the corresponding pure coevent. The set of all pure 
coevents in A* n is denoted by A* np and is called the pure anhomomorphic 
logic. It is clear that every coevent in A\ is pure so that A 2p = A 2 - However, 
there are only 34 pure coevents in A% out of a total 2 2 _1 = 128 coevents [8]. 

Example 7. Examples of pure coevents in A% are wl, w* © u> 2 , w* © o;*^ 
W1W2, w*©a;|©a;*a;|, u;* ©u;*^ ©u^Wg, Wiffiu^ffiu;*^ ffiu;*^, Wi©a;*u;f ffi 

u;*^! © ^2^3; w i © w 2 © w 3 © w i w 2 © w i w 3 © W 2 W 3 an d tne rest are obtained 
by symmetry. An example of a <fi G ^.3 that is not pure is = w* © w| © W3. 
Indeed, 0(fi 3 ) = 1 and 

<p ({u>i,u> 2 }) + 4> ({wi, w 3 }) + ({w 2 , w 3 }) - 0(^i) - (f)(u> 2 ) - 4>(oj 3 ) = -3 

Another example of a nonpure element of A* 3 is ^ = w* © W2W3. Indeed 
^(fi 3 ) = and 

V» ({wi, w 2 }) + if) ({wi, w 3 }) + ^ ({w 2 , w 3 }) - V'(wi) - ^(w 2 ) - ^(^3) = 2 
Lemma 4.3. If <fi & ^-np> then <fi is quadratic. 
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Proof. We must show that if satisfies 

(j)(AVBVC) =<(>(AUB)+<l>(AvC) + $(BVC)-$(A)-$(B)-<f>(C) (4.7) 
then satisfies 

0(AU5UC) = 0(AU5)©0(AUC)©0(fiUC)©0(A)©0(5)©0(C) (4.8) 

Suppose the left hand side of (14. 8 p is 1. Then there are an odd number of 
Is on the right hand side of (j4.7p . Hence, the right hand side of ( 14. 8 p is 1. 
Suppose the left hand side of (14. 8p is 0. Then there are an even number of 
Is on the right hand side of (j4.7p . Hence, the right hand side of f 14 . 8 [) is 0. 
We conclude that f 14 . 8 [) holds so is quadratic. □ 



It follows from Lemma H~3l that ^4* C A* nq . Of course, not all quadratic 
coevents are pure. For instance, in Example 7 we showed that the quadratic 
coevents w*©^©^ and (^©cu^cug are not pure. Also, there are 64 quadratic 
coevents in A% and only 34 pure coevents. 

If A* n C A* n) we can place a measure v on A* n by specifying v ({0}) > 
on {(p} for every G *4* and extending /i to the power set P(A* n ) of .4.* 
by additivity A g-measure \i on .An transfers to .A* if there exists a measure 
i/ on P(An o) suc h that 

,({^i; :^) = l})=/i(A) (4.9) 

for all A G A. n [1] • If A* transfers to i/, then the quantum dynamics given by 
/i can be described by a classical dynamics given by v. Moreover, if fJ,(A) = 
then {0 G A nj o : ^(A) = 1} has z/ measure zero which is a form of preclusivity 

mug. 



Theorem 4.4. If A^ p ^ A.* C A. n , i/ien any q-measure \i on A n transfers 



toAl . 



Proof. By Corollary 14.21 /x has the form /i = ^Hi -^/^ f° r -^ > and 
/ii G P(*4 n ). Let z/ be the measure on P(A* n ) defined by 



z/ = 

i=l 



E A *^ ( 41 °) 
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Then for every A G A n we have that 

III 

v ({0 e A* n , : <P(A) = l}) = J2 M* ({0 e < : 0(A) = 1}) 

1=1 

m 



j=l 



It follows from Theorem 14.41 that any g-measure on A n transfers to A np , 

"^-n,q an( i •A-n- 

Corollary 4.5. If v is a measure on P(A* np ), the there exists a q-measure 
fi on A n that transfers to v; that is, /x satisfies ( 14. 9ft . 

Proof. We can represent v as in (I4.10p where \i = v(j2i), i = 1, . . . ,m. If 
/x is the q- measure on A n given by /i = Y^T=i ^H^ii then by the proof of 
Theorem 14.41 we have that \x satisfies (14. 9p . D 

The next Corollary shows what happens if the g-measure /x turns out to 
be a measure. 

Corollary 4.6. Suppose A n0 satisfies A na C .4* C .4*. If /j, is a measure 
on A n , then /i transfers to a measure v on A n0 satisfying z/(0) = unless 
is additive. Conversely, if a measure v on A n satisfies /x(0) = unless zs 
additive, then there is a measure on A n that transfers to v. 

Proof. If /i is a measure on A n then /x has the form 

n 
i=l 

where Aj > 0, z = 1, . . . , n. Hence, /x transfers to 

n 
i=l 

on ^4* where z/(0) = unless is additive. Conversely, if v is a measure 
on A nQ satisfying z/(0) = unless is additive, then v has the form ( 14.121) . 
Hence, the measure /x given by ( 14. lip transfers to z/. D 
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Motivated by Theorem 14.41 one might conjecture that if every g-measure 
on A n transfers to A n0 , then A* C A* n0 ] that is, A* is the smallest subset 
of A n to which every g-measure on A n transfers. The next example shows 
that this conjecture does not hold. 

Example 8. We have that 

A^p = A\ = {0, Uj{, W 2 , W* © W 2 , W*U>2, W* © W*W 2 , ^2 © W*W 2 , 1} 

Let 0i = ul, 02 = ^2, 03 = w* © w 2 , 04 = w*w 2 , 05 = w* © Wiu; 2 and 
6 = w 2 © w*(X> 2 . If /•* i s an arbitrary g-measure on ,4 2 , then /x transfers to a 
measure z/ on A\ and we have that 



HM = v ({0 € ^ 

ju(w 2 ) = ^ ({0 e ^ 

^(fi 2 ) = ^({0G^2 



0(wi) = 1}) = K0l) + K<fe) + ^(05) + Kl) 

0(w 2 ) = 1}) = z/(0 2 ) + z/(0 3 ) + z/(0 6 ) + 1/(1) 

0(fi 2 ) = 1}) = Z/(0!) + Z/(0 2 ) + Z/(0 4 ) + 1/(1) 



Letting A\§ = {04,05,06}, we have that every g-measure on A2 transfers 
to A*2Q. In fact, if /i is a q- measure on A2, then \i transfers to the measure 
v on .4.2,0 S iven b y K<A0 = M^), ^(05) = Ai(^i), z/(0 6 ) = /i(w 2 ). This 
example also shows that the measure that // transfers to need not be unique. 
For instance, let \i be the g-measure on A2 given by n(u>i) = 1, /i(w 2 ) = 1, 
/i(fi 2 ) = 0. Then \i transfers to i>\ on A\ given by ^i(0s) = 2/1 (06) = 1 an d 
z/(0) = 0, 7^ 05, 06- Also, /i transfers to z/ 2 on A\ given by z/ 2 (03) = 1 and 
z/(0) = for ^ 3 . 

Example 9. We use the same notation as in Example 8. We first show 
that a g-measure \i on A2 transfers to 

^%m = {0,01,02,04} 

if and only if /i(f2 2 ) > ju(wi) +//(a; 2 ). If /i transfers to z/, then //(u>i) = v{4>\), 
/i(w 2 ) = z/(0 2 ) and 

fi(Q 2 ) = ^(0i) + ^(0 2 ) + K0 4 ) 

Hence, /i(fi 2 ) > //(wi + /i(w 2 ). Conversely, if /z(f2 2 ) > M^i) + /j(u; 2 ) then 
letting z/(0i) = /i(wi), z/(0 2 ) = A t (a; 2 ), z/(0) = and 

z/(0 4 ) = M^) - M^i) - ^(^2) 
22 



we see that \i transfers to i/ on ^ m - We next show that a q- measure \i on 
A 2 transfers to 

-4<U = {0,01,02,03} 

if and only if 

|/i(wi) - n(u 2 )\ < /u(fi 2 ) < //(wi) + /i(w 2 ) 

If /x transfers to is, then //(wi) = v(4>i) + 2/(03), M^) = K02) + 2/(03) an d 
/i(Q 2 ) = ^(0i) + 2/(0 2 ). Hence, /i(0 2 ) < /i(wi) + /i(w 2 ) and 

//(Wl) - /i(w 2 ) = K0l) + ^(02) < M^) 
fl(u 2 ) - fi(Ui) = V{(j> 2 ) - ^(0l) < M^) 

so the given inequalities hold. Conversely, if the inequalities hold, then letting 
i/(0) = and 

K0i) = I [M^O + M^i) - At(w 2 )] 

^(02) = I [/u(fi 2 ) - M(^i) + M^)] 
1/(03 ) = I [/i(Wi) + /i(w 2 ) - £i(0 2 )] 

we see that // transfers to v on ^4| a . 

The next theorem further shows that the multiplicative anhomomorphic 
logic A* n m is not adequate for transferring g-measures. This result was proved 
in [2j H]. However, our proof is simpler and more direct. 

Theorem 4.7. If a q-measure \x on A n transfers to a measure v on A* nm , 
then i/(0) = unless is quadratic. 

Proof. We have that 

•K, m = {0, wj, . . . , w*, wjwj, . . . , u£_iW*, wJw^Wg . . . , uj{uj* 2 • • • w*} 

Since /i(A) = v ({0 G -4* jm : 0(A) = l}) we have that /J,(ui) = 2/(0;*), z = 
1, . . . ,n and 

/i ({WjjWj-}) = i/(w?) + z/(w*) + 2/(w*w*) 

i,j — l,...,n. Now 

/i ({wi, w 2 , w 3 }) = 2/(w*) + 2/(^2) + 2/(^3) + //(w*^) + ^(w^Wg) 

+ 2/(^2^3) + z/^u;^^) (4.13) 
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Since /i is grade-2 additive we have that 

3 3 

fi ({wi, w 2 , ^3}) = J3 ^ ^ Wi ' w i}) ~~ 5Z ^( w *) 

3 n 

= J2 "(wM)+X)i/(Wi) (4-14) 

Comparing (14. 13j) and ( I4.14p shows that //(u^u^Wg) =0. In a similar way, 
we conclude that u(u*u*ul) — 0, i, j, k — 1, . . . ,n, i < j < k. Next, 

fj, ({wi, w 2 , w 3> ^4}) = v(uil) H h 1/(^4) + ^(wjwa) 

H h i^wja^) + ^(u^u^) (4.15) 

Since \i is grade-2 additive we have that 

4 4 

At ({wi, u>2, W3, W4}) _ J^ /i({wi,w i })-2^^(wi) 

4 4 

Comparing (J4.15P and (14.16J1 shows that ^(o;^^^^) =0. In a similar way, 
we conclude that u(UiU)jUJ^u*) = 0, i,j,k,l = l,...,n, i < j < fc < /. 
Continuing by induction, we have that v{4>) = unless is quadratic. □ 

The result (and proof) in Theorem 14.71 holds if A* n m is replaced by any 
subset A* n C A* n m . Theorem 14.71 also shows that for A* n C A* n m , if a 
g-measure \i transfers from A n to A* n then 

H {{u h Uj}) > n{wi) + h(uj) 

i,j = l,...,n,ij^j. Hence, not all g-measures can be transferred to A* n m . 
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^ ■ Abstract 



This paper first reviews quantum measure and integration the- 
ory. A new representation of the quantum integral is presented. This 
representation is illustrated by computing some quantum (Lebesgue) 2 
integrals. The rest of the paper only considers finite spaces. Anho- 
fvi \ momorphic logics are discussed and the classical domain of a coevent 

CN ' is studied. Pure quantum measures and coevents are considered and 

I/-) ■ it is shown that pure quantum measures are strictly contained in the 

•O extremal elements for the set of quantum measures bounded above by 

one. Moreover, we prove that any quantum measure on a finite event 
space A can be transferred to an ordinary measure on an anhomo- 
morphic logic A*. In this way, the quantum dynamics on A can be 
rS ' described by a classical dynamics on the larger space A*. 

.w. 

Keywords: quantum measures, anhomomorphic logics, coevent 
interpretation. 



1 Introduction 

Quantum measures and the coevent interpretation were introduced by R. 
Sorkin in his studies of the histories approach to quantum mechanics and 



quantum gravity [UJ El El El E]- Since then a considerable amount of 
literature has appeared on these subjects PQ El El SI El El El El El HOI H31 HH US] ■ 

A quantum measure /i describes the dynamics of a quantum system in the 
sense that fi(A) gives the propensity that the event A occurs. Denoting the 
set of events by A, a coevent is a potential reality for the system given by 
a truth function <ft: A — > Z 2 where Z 2 is the two element Boolean algebra 
{0, 1}. Since coevents need not be Boolean homomorphisms, the set A* of 
coevents is called an anhomomorphic logic [21 El S El El El El EH]- We 
refer to the study of anhomomorphic logics as the coevent interpretation of 
quantum mechanics. One of the goals of this field is to find the "actual 
reality" in A* El EH El El E] • 

In Section 2, we first review quantum measure and integration theory. 
A new representation of the quantum integral is presented. As an example, 
this representation is employed to compute quantum (Lebesgue) 2 integrals. 
Although general event spaces are treated in Section 2, only finite event 
spaces are considered in the rest of the paper. Section 3 discusses anho- 
momorphic logics. The center and classical domain of a coevent are studied. 
Section 4 first considers pure quantum measures and coevents. We show that 
the pure quantum measures are strictly contained in the extremal elements 
for the convex set of quantum measures bounded above by one. This result is 
then employed to prove an important connection between certain quantum 
measures and anhomomorphic logics. Moreover, we show that any quan- 
tum measure on a (finite) event space A can be transferred to an ordinary 
measure on A*. In this way the quantum dynamics on A can be described 
by a classical dynamics on the larger space A*. Variations of this transfer- 
ence result show that pure and quadratic anhomomorphic logics have better 
mathematical properties than additive or multiplicative ones. 

2 Quantum Measures and Integrals 

Let (Q, A) be a measurable space, where Q is a set of outcomes and A is a 
a-algebra of subsets of Q called events for a physical system. If A, B e A 
are disjoint, we denote their union by A U B. A nonnegative set function 
fi : A — > R + is grade-2 additive if 

fi (A U B U C) = /2 (A U B) + fj, (A U C) + // (B U C) - 12(A) - fx(B) - 12(C) 

(2.1) 



for all mutually disjoint A,B,C E A. It follows by induction that if \i satisfies 
( ED then 

(n \ n n 

{JaA= J2 »(A i VA j )-(n-2)Y,KA) (2.2) 

A q-measure is a grade-2 additive set function fi: A — > R + that satisfies the 
following two continuity conditions. 

(CI) If A 1 C Ai C ■ • • is an increasing sequence in A, then 

(oo N 

i=l 
(C2) If A\ D y4 2 5 ■ ■ • is a decreasing sequence in .4, then 

(oo 

Due to quantum interference, a g-measure need not satisfy the usual 
additivity condition of an ordinary measure but satisfies the more general 
grade-2 additivity condition ( 12. ip instead [2j[TU[T5]. F° r example, if v. A^- 
C is a complex measure corresponding to a quantum amplitude, then n(A) = 
\v{A)\ becomes a q- measure. For another example, let D: A x A — > C be 
a decoherence functional as studied in the histories approach to quantum 
mechanics [TTJ H2J El H3J- Then /x(4) = D(A, A) becomes a g-measure. If /i 
is a g-measure on A, we call (Q,A, /i) a q-measure space. 

A signed measure A : A x „4 — > R, where .4 x .4 is the product cr-algebra 
on II x (1, is symmetric if A(A x B) = X(B x A) for all A,BeA and is 
diagonally positive if A(*4. x .4) > for all A E A. It can be shown that 
ifA:^4x^4— ^ R is a symmetric diagonally positive signed measure, then 
n{A) = X(A x A) is a g-measure on A. Conversely, if /x is a g- measure on A, 
then there exists a unique symmetric signed measure A: A x A — > R such 
that /i(A) = A(4 x A) for all A e .4 [6]. 

Let fi n = {wi, . . . , u n } be a finite outcome space. In this case we take 
A n to be the power set P(ft n ) = 2 Un . Any grade-2 additive set function 
/i: A n — > R + is a g-measure because (CI) and (C2) hold automatically. We 
call (fi n , A n , /i) a. finite q-measure space. The study of finite g-measure spaces 
is simplified because by (12. 2p the g-measure /i is determined by its values on 



singleton sets /x(cuj) = \x ({cui}), i = 1, . . . , n and doubleton sets /i ({wj, ojj}), 
i < j, i, j = 1, . . . , n. We call 

I?i = V ({wt, Wj}) - M^i) - M w i) (2.3) 

the ij-interference term, i < j, i,j — 1, . . . ,n [5]. The Dirac measure Si 
defined by 

10 if a;* f A 

is clearly a g-measure on A n - The product ^ = SiSj, i ^ j, is not a measure 
because 6ij(u)i) = b~ij(uj) = and Sij ({cOi,Uj}) = 1. However, we have the 
following . 

Lemma 2.1. The product 5^, i ^ j , is a q-measure on A n - 

Proof. Notice that 



1 if {u>i,u>j} C A 



if {ui,Uj} % A 

If % (A U 5 U C) = 0, then {a;*, w,]^UBtJ C. Hence, {wt, w,} is not a 
subset of A, S, C, A U S, A U C or 5 U C. Hence, 

4(^4 U £) + ^ (A U C) + 4(# U C) " Si (A) - 4( s ) - 4(C) = o 

If <5-j (A UB U C) = 1, then {w^, Wj}CAuBU C. If {w*, w,} C A, then 

5ij (A U 5) + 4- (A UC) + 4- (5 U C) - 6^ (A) - 4(S) - ^(C) 
= 1+1+0-1-0-0= 1 

If Ui G A, u)j G 5, then 

4- (A U 5) + 4- (A U C) + 4(fi U C) - S tJ (A) - 4(5) - 4(C) 
= 1 + + 0-0-0-0 = 1 

The other cases hold by symmetry. □ 

A more general proof than that in Lemma 12.11 shows that the product 
of any two measures is a g-measure. A signed q-measure is a set function 
/i: A n — > 1R + that satisfies (12.11) . Letting S(An) be the set of signed q- 
measures, it is clear that S(A n ) is a real linear space. Also, a signed q- 
measure is determined by its values on singleton and doubleton sets. 



Theorem 2.2. The q-measures 8\, . . . , S n , 5\2, S13, . . . , S n -x n form a basis for 
S(A n ). 

Proof. To show linear independence, suppose that 

n n 

}, CjSj + ) y dijdij = 
Evaluating at {uk} gives Ck = 0, k — 1, . . . , n. Hence, 

n 

and evaluating at {u r ,w s } gives d rs = 0, r < s. This proves linear indepen- 
dence. To show that these q- measures span S(A n ), let /i G «S( v A n ). Defining 
J^- as in (j2.3p . we have that 

n n 

i=l i<j=l 

because both sides agree on singleton and doubleton sets. D 

We conclude from Theorem 12.21 that 

dim S(A n ) =n+ (" j = n(n + l)/2 

Also, if /i is a g-measure on ^4„, then \i has the unique representation given 
by f)2.4p . The next theorem proves a result that we already mentioned for 
the particular case of a finite Q. 

Theorem 2.3. If fi is a q-measure on A n , then there exists a unique sym- 
metric signed measure A on A n x A n such fi{A) = X(A x A) for all A G A n . 

Proof. Define the function a : Q n x Q n — > M. by a(uji, Wj) = n(uJi), i = 1, . . . , n, 
and 

i < j, i, j = 1, . . . , n. Define the signed measure A on A n x A n by 



A(A) = |^a(«i,«j): (a;*, to,-) G Aj 



Now A is symmetric because 

X(A x B) = < ^2 ®(ui, °°j) '■ ( w « 5 Uj) e A x B \ 
= < y^ a(u{, Uj) : Ui G A, Uj G B > 
= < 2_] ct(uj, Ui) : Ui G A, Uj G B > 
= < Y^ a(uj, Ui) : (co,-, Wj) G 5 x A i = X(B x A) 



We now show that X(A x A) = fi(A) for all A G A„. We can assume without 
loss of generality that A = {ui, . . . ,u m }, 2 < m < n. It follows from (12.21) 
that 

m m 

K A ) = Y v (&*> ^}) -( m ~ 2 )Yl ^( w *) 

i<j=l 8=1 

Moreover, we have that 



X(A x A) = < Y, a(ui, Uj) : Ui, Uj G A \ 



= s ^a(u h Ui) + 2 Y oi(ui,Uj) 

8=1 i<j = l 

m m 

8=1 i<j=l 

mm m 

= ^2fi(ui)+ Y )"({wt,Wj})- JZ [j"(wi)-M w i)] 

8=1 8<J=1 i<j = l 

mm m 

= Y ^ Ui "> + Y ^ ({^> ^}) - ( m - 1) Y ^( w *) 

8=1 8<J = 1 8 = 1 

m m 

= X) ^ ({ W *» ^ ~ ( m ~ 2 ) 5Z ^( W <) = ^ A "> 
i<j=l 8=1 

To prove uniqueness, suppose A' : A n x *A n — )• R is a symmetric signed mea- 
sure satisfying X'(A x A) = fi(A) for every A G A n . We then have that 

A' l(ui,u.j)] = X' [{ui} x {u^] = fj,(ui) = X {(ui,Ui)] 



for % = 1, . . . , n. Moreover, letting A = {(wj, Wj)} we have that 

fi{A) = X'(A xA) = X' [( Ui , Ui)] + X' [{u j7 Uj)] + 2X' [{u i7 u>j)] 
= X [(u>i, Ui)] + A [(u)j, Uj)] + 2A [(u>i, Uj)) 

Hence, A' [(o>j, Uj)] = X [(u>i, Uj)] and since signed measures are determined 
by their values on singleton sets, we have that A' = A. □ 

Let (fl, A, /i) be a g-measure space and let / : Q —¥ R be a measurable 
function. The q-integral of / is defined by 

//•OO /*oo 

fdfi= fi[f-\X,oo)]d\- fi[f-\-oo,-X)]dX (2.5) 

Jo Jo 

where dX denotes Lebesgue measure on 1 [Tj. Any measurable function 
/: O — ¥ R has a unique representation / = f\ — / 2 where /i,/2 > are 
measurable and fif 2 = 0. It follows that 

/ fdfj, = / fidfi - / / 2 d/a (2.6) 

Because of (12. 6p we only need to consider q- integrals of nonnegative functions. 



As usual in integration theory, if A e A we define / fdfi = / fxAdfi where 

Xa is the characteristic function for A. 

Any nonnegative simple measurable function / : O — > R + has the canon- 
ical representation 

n 

/ = J>X4, (2.7) 

where A, fl Aj — 0, i ^ j, UAi = Q and < a.\ < a 2 ■ ■ ■ < a n . It follows 
from d22J that 

fdfi = «i /i I [J A; j - /i I (J Aj 

\j=l / \j=2 

+ • • • + a„_! [// (A n _! U A n ) - /i(A n )] + a n fi(A n ) (2.8) 

Example 1. Let /: Q n — > R + be a nonnegative function on Q n and let 

/i: A„ — ¥ R + be a g-measure. Also, let A: A n x A„ — >■ R be the unique 



symmetric signed measure such that n(A) = X(A x A) for every A e A n . We 
can assume without loss of generality that 

< /(wi) < fM < ■ ■ ■ < /(w„) 
By (I2.8P we have for i < j that 

fddij = f(0Jl) 8ij ({(jJi, ..., UJ n }) - Sij ({w 2 , • • • , w„}) 

H H /k-l) <Jy ({W n -1, ^n}) ~ <*ii(w n ) + /K)5«j(w„) 

= /(w») = min (/(wj), /(w^)) 
By (j2.4p and the proof of Theorem 12.3} it follows that 



fd/i = fd 



Y l fi(u i )S i + Ys^A 



i=l 



i<j=l 



Y H(ui)f(ui) + J2 T ij min (/( w 0> /( w i)) 



n 



i<j = l 



5^ min (/(w<), /(wj-)) A [( w *> w i)] 
min(/(w),/(fa/))dA(a;,fa/) 



(2.9) 



Example 2. Let z/: ,A n — > C be a complex measure and define the q- 
measure //: *A n — >■ M + by //(A) = |^(A)| • Then for % < j we have 



l£. = \is(ui) + v{(jjj)\ - \v(u)i)\ - \v{uj)\ = 2Re iy(ui)iy(uj) 
By ( 12. 4 p we conclude that 

n m 



n 



i<j=l 



= 2_^\v(u>i)\ Si + 2Re YJ K a; *) I/ ( a; ,j) < ^' 



i=l 
n 



i<j=l 



22 V ( U i)5i 



t=l 



As in Example 1, we obtain 

/n n 

Equation (I2.9p suggests the following new characterization of the g-integral. 
If J \f\ dji < oo, then / is integrable. 

Theorem 2.4. Let (Q,A,fi) be a q-measure space and let f: Q — > M + be 

integrable. If A : A x A — > R zs i/ie unique symmetric signed measure such 
that n(A) = X(A x A) /or a// A E A, then 

j ' fdfi = J min (/(w), /(a/)) dA(a;, u/) (2.10) 

Proof. Let / be a nonnegative simple function on Q with canonical represen- 
tation (j2.7p . If g(u),u)') = min(/(u;),/(u/)), then when a; G Aj, a;' G A, we 
have that 

Joj ifz<j 

[a, it j < « 

Hence, 

n n 

i<j'=l »>i=l 

It follows that 

/n n 

g(u,u')d\(uj,u)') = Y a iK A i x A) + JZ a i A (A x A/) 

= ai [A(Ai x Ax) + 2A(Ai x A 2 ) + ■ ■ ■ + 2A(A X x A n )} 
+ a 2 [\(A 2 x A 2 ) + 2\(A 2 x A 3 ) + ■ ■ ■ + 2\(A 2 x A n )] 

+ a n _i [A(A n _iX n _i) + 2A(A„_i x A n )] 
+ a n X(A n x A n ) 



On the other hand, by (J2.8P and grade-2 additivity we have 

/ fdfi = at [ix{A x ID A 2 ) + ■ ■ ■ + n(A x U A n ) 

-(n - l)^(A) - li{A 2 ) fi(A n )} 

+ a 2 [n(A 2 U A3) + • ■ ■ + n{A 2 a A n ) 
-(n - 2)/i(A 2 ) - n(A 3 ) //(A n )] 



+ a n -! [/i(A n _i U A„,) - fi(A n )] + a n (j,(A n ) 

= at [A(Ai U A 2 x Ai U A 2 ) H h A(Ai U A n x Ax U A n ) 

-(n - l)/x(Ai) - ju(A 2 ) /u(A)] 

+ a 2 [A(A 2 U A 3 x A 2 U A 3 ) + • • • + A(A 2 U A n x A 2 U A n ) 
-(n - 2)/i(A 2 ) - //(A 3 ) fi(A„)} 

+ a n _i [A(A n _x U An x A„_! U A n ) - n(A n )} + a n ji(A n ) 
= «i [A(Ai x Ax) + 2A(Ai x A 2 ) + A(A 2 x A 2 ) + ■ ■ • + A(A X x Ax) 
+2A(A X x An) + A(A„ x A n ) 

-{n - l)/i(Ai) - fi(A 2 ) (i{A„)} 

+ a 2 [A(A 2 x A 2 ) + 2(A 2 x A 3 ) + A(A 3 x A 3 ) + ■ • • + A(A 2 x A 2 ) 

+2A(A 2 x A n ) + A(A„ x A n ) 

-{n - 2)/i(A 2 ) - fi{A 3 ) fi{A n )} 

+ a n _i [A(A n _i x A n _i) + 2A(A n _! x A n ) + A(A„ x A n ) - /^(A n )] 
+ a ny u(A n ) 

which reduces to the expression given for f g(u),u>')d\(u), u/). We conclude 
that f)2.10p holds for nonnegative measurable simple functions. Since / is the 
limit of an increasing sequence of such functions, the result follows from the 
quantum dominated monotone convergence theorem [TJ. □ 

We now apply Theorem !2.4l to compute some q- integrals for an interesting 
g-measure. Let Q = [0, 1] C IR, let v be Lebesgue measure on Q and define 
the g-measure \i on the Borel cr-algebra B(M.) by //(A) = ^(A) 2 . We call /1 the 



10 



quantum (Lebesgue) 2 measure. By Theorem I2.4[ if / : Q — > M + is integrable 
and < a < b < 1, we have 

b p rb rb 

fdfi= / fdn= j I min(f(x),f(y))dxdy (2.11) 

Suppose / is increasing on Q and let g y (x) = min (f(x), f(y))- Then 

f(x) for x < y 



9u{x) 



f(y) for x > y 



Hence, by (12. lip we have 



b rb 



fd\x — / g y (x)dxdy 



b r ry 



f(x)dx + f(y){b-y) 



dy (2.12) 



Since 



b j"y rb rb rb 

f(x)dxdy= / / f(x)dydx = / f{x)(b — x)dx 

J a Jx J a 



we conclude from (12.121) that 

-b rb ry 



rb rO ry rO 

/ fdfx = 2 / f(x)dxdy = 2 f(x)(b-x)dx (2.13) 

J a Ja J a Ja 

Similarly, if / is decreasing, then 



fdfi 



f{y){y-a) + I f{x)dx 
y 



dy (2.14) 



Since 



b rb rb rx rb 

I f(x)dxdy= / / f(x)dydx= / f(x)(x — a)dx 

a J y J a J a J a 



(I2.14p becomes 



fdfi = 2 J / f(x)dxdy = 2 j f(x)(x — a)dx (2-15) 

la Jy 



11 



Example 3. For n > 0, since f(x) = x n is increasing, by (I2.13P we have 



x n dfi = 2 J x n (b — x)dx 

2 



(n + l)(n + 2) 



[b n+2 - a n+l {{n + 2)b - (n + l)o)] 



Example 4. Since /(x) = e^ is increasing, by fl 2 . 1 3 [) we have 

-b nb 

e x dx = 2 e x (b - x)dx = 2e b - 2e a (b -a + 1) 

J a 

Example 5. For n > 3, since f(x) = x~ n is decreasing, by (2.15) we have 

b rb 

x~ n dfx = 2 x~ n (x — a)dx 

J a 

= 7 ^ ^ [b- n+1 ((n - 2)o - (n - 1)6) + a^ +2 ] 

(n — ±){n — 2) L J 

3 Anhomomorphic Logics 

In this and the next section we shall restrict our attention to a finite outcome 
space fl n = {u>i, . . . , u n } and its corresponding set of events A n = P(fl n ). Let 
Z 2 be the two element Boolean algebra {0, 1} with the usual multiplication 
and with addition given byO©l = l©0 = landO©0 = l©l = 0. A 
coevent on A n is a truth function </>: A n — > Z 2 such that 0(0) = [21 H4"IH5"] . 
A coevent corresponds to a potential reality for a physical system in the 
sense that <p(A) = 1 if A occurs and <f>(A) = if A does not occur. For a 
classical system a coevent <fi is taken to be a homomorphism by which we 
mean that 

(HI) 0(ft n ) = 1 (unital) 

(H2) <f)(A U5) = 0(A) © 0(5) (additive) 

(H3) <f>(A DB) = cf)(A)(f)(B) (multiplicative) 
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Since there are various quantum systems for which the truth function 
is not a homomorphism [21 [TJ], at least one of these condition must fail. 
Denoting the set of coevents by A* n) since the elements of A* n are not all 
homomorphisms we call A* n the full anhomomorphic logic [Sj. Notice that 
the cardinality \A^\ = 2 2 ™ -1 is very large. 

Corresponding to Ui G fl n we define the evaluation map u* : A n — ¥ Z 2 
by u)*(A) = 1 if and only if Ui G A. It can be shown that a coevent is a 
homomorphism if and only if = uj* for some % = 1, . . . , n [21 IS]- Thus, there 
are only n possible realities for a classical system. For two coevents 0, if) we 
define their sum and product in the usual way by (0 ©■?/>) (A) = (f>(A) ®ip(A) 
and (<jn/j)(A) = <j)(A)ip(A) for all A G A n . It can be shown that any coevent 
has a unique representation (up to order of the terms) as a polynomial in the 
evaluation maps. 

A coevent that satisfies (H2) is called additive and is additive if and 
only if it has the form 

= CiW* © ■ • • © c„w* 

where q = or 1, % = l,...,n [21 El [TJ]. Denoting the set of additive 
coevents by *A* >a , we see that L4*J = 2 n . A coevent that satisfies (H3) is 
called multiplicative and is multiplicative if and only if it has the form 



u h u h ■■■uj, 



where, by convention, <fi = if there are no terms in the product [21 El 
ITT] . Denoting the set of multiplicative coevents by A* nm we again have that 
1*4* m = 2 n . A coevent <p is quadratic or grade-2 if it satisfies 

0(A U 5 U C) = <j>{A U 5) © 0(A U C) © 0(5 U C) © 0(A) © 0(5) © 0(C) 

It can be shown that is quadratic if and only if it has the form 

= CiUj{ © • • • © C n UJ* n © di2U){u)l © • • • © d n -l, n ^n-x<^n 



-j 



where q = or 1, % = 1, . . . ,n, and dy = or 1, i < j, i,j = 1, 

[21 |S]. Denoting the set of quadratic coevents by *4* , we have that L4^ g | = 

ora(n+l)/2 

Let S be a Boolean algebra of subsets of a set. The set-theoretic oper- 
ations on B are U, fl and ' where A' denotes the complement of A e B. A 
subset B C ^ is called a subalgebra (or subring) of i3 if G So, A U 5, 
A n B, A \ 5 G B whenever A, B G B where A \ 5 = A n 5'. If fi is finite, 

13 



then £>o has a largest element C and £> is itself a Boolean algebra under the 
operations U, fl and complement A! — C \ A. 

For G *4*, it is of interest to find subalgebras of A n on which acts 
classically. If Bo is a subalgebra of A n and the restriction | Bq is a homo- 
morphism, then £>o is a classical subdomain for 0. A classical domain B for 
is a maximal classical subdomain for 0. That is, B is a classical subdomain 
for and if C is a classical subdomain for with £> C C, then £> = C. Any 
classical subdomain is contained in a classical domain B but £> need not be 
unique. The rest of this section is devoted to the study of classical domains. 
For G At, the 0- center Z& is the set of elements A G «4 n such that 



v n • 



0(B) = 0(B n A) © 0(B n A') (3.1) 

for all 5eA. 

Theorem 3.1. Z$ is a subalgebra of A n and | Z^ is additive. 

Proof. It is clear that 0, Q n G Z^ and that A' G Z^, whenever A G Z^. 
Suppose that A,B & Z$. We shall show that A fl B G Z^,. Since B G Z^, we 
have that 

0(C n A) = 0(c n A n 5) © 0(c n A n B') 

Hence, 

0(C n A n B) = 0(c n A) © 0(c n A n b') 

for all C G »4 n . It follows that 

0(C n AnB) © (c n (A n 5)') = 0(c n A n 5) © (c n (A' u 5')) 
= 0(C n A) © 0(c n A n 5') © [(c n A') u (c n b')\ 
= 0(C) © 0(C n A') © 0(c n A n 5') © [(c n A') u (c n b')] 
= 0(C) © 0(C n A') © 0(c n A n 5') © 0(c n A n 5') 

© [(c n A') u(cn/n b')] 
= 0(C) © 0(C n A') © 0(c n A') = 0(C) 

Hence, AnB G Z . Moreover, MA, Be Z , then A', B' G Z so A'flE' € Z^. 
Hence, AU5 = (A' fl B')' G Z^. It follows that Z^ is a subalgebra of A n . To 
show that | Z^ is additive, suppose that A,B G Z^ with A fl B = 0. We 
conclude that 

0(A u 5) = [(A u 5) n A] © [(A u B) n A'] = 0(A) © 0(B) □ 
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A general G A* n may have many classical domains and these seem to 
be tedious to find. However, Z^ is relatively easy to find and we now give 
a method for constructing classical subdomains within Z$. Since \ Z^ is 
additive, we are partly there and only need to find a subalgebra Z\ of Z^ on 
which is multiplicative and not 0. Indeed, the unital condition (HI) then 
holds because there exists an A such that <fi{A) ^ and hence, 

0(A) = 0(A n C) = 0(A)0(C) 

which implies that 0(C) = 1 where C is the largest element of Z\. 

An atom in a Boolean algebra is a minimal nonzero element. Let Ai, . . . , A Ti 
be the atoms of Z^. Then Ai, . . . , A m are mutually disjoint, nonempty and 
tlAi = Q n . Moreover, every nonempty set in Z^ has the form B = \iZ =1 Ai j . 
Define A* E A* n by A* (A) = 1 if and only if A { C A, i — 1, . . . , m. Since is 
additive on Z^, it follows that has the form 

<t> = K © • • • © A* r 

on Z^. We can assume without loss of generality that 

= A{ © • • • © ^ 

Let Z^, be the subalgebra of Z^ generated by A^, A r+1 , . . . , A m , i = 1, . . . , r. 
Then0 | Z\ = A*, i = 1, . . . ,r. 

Corollary 3.2. 7/0^0, £/ien Z^ is a classical subdomain for <p, i = I, . . . ,r. 

Proof. For simplicity, we work with Zi and the other Z\, i = 2, . . . ,r are 
similar. Now Z\ is a subalgebra of A n with largest element 

5i = A 1 U A-+1 U A r+2 U • • • U A m 

Now | Z\ = A\, A\ is additive and Aj(5i) = 1. To show that A^ is 
multiplicative, we have for A, B E Zl that AJ(A fl 5) = 1 if and only if 
A X C ADB. Since A* 1 (A)A* 1 (B) = 1 if and only if A x C 4 and Ax C 5, we 
have that A* (A) A* (5) = 1 if and only ifiiCAnB. Hence, A\ (A n £) = 
A* (A) A* (5). We conclude that | Zl = A^ is a homomorphism on Zl. D 

Example 6. We consider some coevents in A^. For = oo^u^, 

Z^ = {0, {w 3 } , {wi, w 2 } , ^3} 
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and Z$ is the unique classical domain for 0. For if) = u>* © cu 2 , Z^ = A3 and 
the two classical domains for if) are 

{0, {wi} , {u 3 } , {ui, u) 3 }} , {(f), {u 2 } , {u 3 } , {u 2 , u 3 }} 

For 7 = wj © w* © u; 3 *, Z 7 = ^ 3 , ^ = {0, W}, Z 7 2 = {0, {u) 2 }}, Z* = 
{(f>, {u> 3 }}. The classical domains for 7 are 

{0, {wi},{w 2 ,w 3 },^3}, {0,(^2}, {wi,w 3 },fi 3 }, {0, {w 3 },{a;i,a;2},^3} 
For 5 = u)lu) 2 u) 3 , the unique classical domain is Zg = {0, ^3}. 

4 Transferring Quantum Measures 

This section provides a connection between the previous two sections. We 
study a method for transferring a q- measure \i on A n to a measure on A* n . 
An event A G *A n is fi-precluded if /x(A) = 0. Since a precluded event A 
occurs with zero propensity, if G A* n is a potential reality then A should 
not happen in this reality so that 0(^4) = 0. If <f>{A) = whenever n(A) = 
we say that is /j,- preclusive [HI [15]. It is reasonable to assume that an 
actual reality for a system described by a g-measure \i is //-preclusive. 

If *4no — -Kii we can place a measure v on *4* by specifying z/(0) = 
^ ({0}) > on {0} for every G *4.* and extending ^ to the power set 
P(A* n ) of A* n by additivity. A q- measure /i on A n transfers to ^4* if there 
exists a measure v on P(.4£ ) sucn that 

z/({0G^ iO :0(A) = l})=/i(A) (4.1) 

for all A G »4. n [1]. The motivation for ( 14. ip is as follows. The set 

GX O :0(A) = 1} 



is the "dual" of the event A G A n in A* n and this gives a method for trans- 
ferring events in A n to events in P{A* n ). Then ( 14. ip gives a corresponding 
transfer of the q- measure /1 on ^4 n to a measure z/ on P(A* n ). The transferred 
measure v is not unique, in general. If fi transfers to z/, then the quantum 
dynamics given by /i can be described by a classical dynamics given by v. 
Moreover, it follows from ( 14. ip that the set of nonpreclusive coevents in A* n 
has v measure zero. 
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It is clear that if \i transfers to A* n C A* n then \i transfers to A* n 1 for 
any A* n C A* n 1 C A* n . For a g-measure \i on .4 n we define the fj,- preclusive 
anhomomorphic logic A* n „ by 

-^n,^ = {0 e ^n : i s yW-preclusive} 

A coevent G .4* can be considered as a map 0: .4„, — > {0, 1} where we 
view {0, 1} C R with the usual addition and multiplication. For A G A n 
with A^lwe define 0^ G A* n by A (5) = 1 if and only if B = A. 

Theorem 4.1. Let /i fre a q-measure on A n . (a) For A^ C ^4*, /x transfers 
to v on P(A* n ) z/ and or% z/ 

^ = E( z/ (^ : ^ G <o} (4-2) 

(b) /i transfers to A* n4l . 
Proof, (a) If \i has the form (14 .2D then for any A G A n we have 

IM(A) = J2 MM(4): G A* nfi } = £ H4>): <t> 6 <o, <K^) = l} 
= z/({0G^i; o :0(4) = l}) 

Conversely, if /i transfers to v on P(.4* ) then 

M4) = i/ ({0 g ^ i0 : 0(4) = l}) = "£ {"(<!>) ■ <P e -4;, ,<K^) = 1} 

= ^{K0)0(4):0G^ iO } 

We conclude that ( )42|) holds. 
(b) It is clear that 

fj, = J2 {KA)<j>A :AeA, n(A) + 0} (4.3) 

Define the measure v on P(A^ „) by z/(0a) = /x(A) if /i(4) 7^ and z/(0) = 
otherwise. Applying (14. 3 p we have 

Hence, H4.2D holds and the result follows from (a). □ 
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We conclude from Theorem 14.1( b) that any g-measure \x on A n transfers 
to A n . However, it is desirable to transfer \i to A n0 where A* n0 C A* n is 
as small as possible. This is because such an A* n will give the simplest 
classical dynamics. We can always reduce to preclusive coevents in the sense 
that if n transfers to A* n0 then \i transfers to A* n0 fl .4.* „. Let A nb be the 
anhomomorphic logic given by 

A^ b = {4> A :AeA n ,A^(/}} 

It follows from the proof of Theorem 14.1( b) that any g-measure /i on A n 
transfers to A nb . We conclude that /i transfers to A nb fl A* n „. 

The next Corollary shows what happens if the g-measure /i turns out to 
be a measure. 

Corollary 4.2. Suppose A n0 satisfies A na C A* n C A* n . If fj, is a measure 
on A n , then fi transfers to a measure v on A n0 satisfying v{<fi) = unless <fi 
is additive. Conversely, if a measure v on A n0 satisfies /i(0) = unless <fi is 
additive, then there is a measure on A n that transfers to v. 

Proof. If /i is a measure on A n then /i has the form 

n 

1=1 
where Aj > 0, i = 1, . . . , n. Hence, /x transfers to 

(4.5) 



S A ^< 



j=i 



on ^4* where z/(0) = unless (ft is additive. Conversely, if v is a measure 
on A n0 satisfying v(<f)) = unless <f> is additive, then v has the form (j4.5p . 
Hence, the measure /i given by (14. 4p transfers to z/. D 

The next theorem shows that the multiplicative anhomomorphic logic 
A n m is not adequate for transferring g-measures. This result was proved in 
[21 @]. However, our proof is simpler and more direct. 

Theorem 4.3. If a q-measure /i on A n transfers to a measure v on A nm , 
then v{4>) = unless <fi is quadratic. 



Proof. We have that 

A* n ,m = {0, wj, . . . , u* n , w*w 2 *, ..., <_!<, uj{u* 2 ul ..., u$uj* 2 ■ ■ ■ w*} 

Since /i(A) = z/ ({0 G .A* im : </>(A) = l}) we have that /i(wj) = u(u>*), % = 
1, ... ,n and 

// ({w<, Wj}) = i/(w*) + i/(wj) + Kw>*) 

i, J = 1, ... ,n. Now 

/i ({wi, o> 2 , w 3 }) = ^(wi) + v{wl) + ^(wg) + ^(wiWa) + K^i^) 

+ u(u^) + i/(wJwM (4.6) 

Since /x is grade-2 additive we have that 

3 3 

i<j=l 8=1 

3 n 

i<j'=l i=l 

Comparing (14.61) and (14.71) shows that u ((*}$(*)%(*}£) = 0. In a similar way, we 
conclude that v{u*uj*u)1) = 0, i, j, k = 1, . . . , n, i < j < k. Next, 

/1 ({ux,u 2 , w 3 , 004}) = v{u{) -\ h u(ul) + v{ijj{ul) 

H h ^(^3^4) + v(uj{uj* 2 ujIujI) (4.8) 

Since /i is grade-2 additive we have that 

4 4 

At({Wi,W2,W3,W4})= 2J M ({^»> ^3}) ~ 2 /] K u i) 

4 4 

= £ ^>*) + J>k*) (4-9) 

i<j=l i=l 

Comparing (14. 8 \ and (14.91) shows that u^^uj^^I) = 0. In a similar way, 
we conclude that v{uj*uj^uj%uj*) = 0, i,j, k,l = l,...,n, i < j < k < I. 
Continuing by induction, we have that z/(0) = unless <fi is quadratic. □ 
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The result (and proof) in Theorem 14.31 holds if A* n m is replaced by any 
subset A* nQ C A* nm . Theorem @T3] also shows that for A* nQ Q -4* m , if a 
g-measure /i transfers from A n to A* n then 

H ({ui, Uj}) > (j,(uji) + fi(uj) 

i,j = l,...,n,i^j. Hence, not all g-measures can be transferred to A* n m . 
We now investigate a method for finding a "small" A* n to which a q- 
measure on A n transfers. As we shall see this method only works for a 
specific but large class of g-measures. A g-measure \i on A n is pure if the 
values of \i are contained in {0, 1}. Let M.(A n ) be the set of g-measures \i 
on A n such that 

max{/i(A): A G A n } < 1 

We have seen in Section 2 that the set of signed g-measures on A n forms a 
finite dimensional real linear space S(A n ) and it is clear that M.(A n ) is a 
convex subset of S(A n )- Letting V(A n ) be the set of pure g-measures, we now 
show that the elements of V(A n ) are extremal in M.(A n ). Let fi G V(A n ) 
and suppose that \i = Xfii + (1 — A)/z 2 for < A < 1 and fii, /i 2 G M.(A n ). If 
fj,(A) = 0, then 

A/i 1 (A) + (l-A)/i 2 (A) = 

so that n x {A) = fi 2 (A) = 0. If fi(A) = 1, then 

\tn(A) + (1 - X)n(A) = 1 

so that fii(A) = [12(A) = 1. Hence, /ii = /i 2 = /i which shows that /i is 
extremal. 

Denoting the set of extremal elements of M.(A n ) by Ext Ai(A n ) we 
have shown that V(A n ) C Ext A / l(^4„). Our main question now is whether 
P(A) = ExtA^AJ- We first illustrate that P(A 2 ) = Ext M(A 2 ). Let 
fi G Ext A / l(^4 2 ). If n ^ V(A2) then at least one of the numbers yu(wi), 
11(002), M^) is not or 1. Suppose, for example that < /J,(ui) < 1. Then 
there exists an e > such that e < /i(wi) < 1 — e. Define /ii : A2 — > K + by 
H\{A) = n{A) if A 7^ {wi} and ^\(oji) = fi(ui)+e. Also, define fj, 2 : *4 2 — >■ M + 
by /i 2 (A) = jji(A) \i A^ {ui} and /i 2 (wi) = //(tui) — £. Then /xi, /i 2 G A4(-4. 2 ), 
/j-i 7^ jj,2 and // = |/ii + \[i%. This contradicts the fact that /i is extremal. 
Hence, \i G P(>1 2 ). The other cases are similar so "P(-4 2 ) = Ext A / l(^4 2 ). 

Theorem 4.4. V(A 3 ) = Ext M(A 3 ). 
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Proof. To show that Ext M(A 3 ) C V(A 3 ) suppose that /x G Ext .M(A 3 ) and 
H ^ P(A 3 ). Then one of the numbers /x(A), Aei 3 \ {0} is not or 1. 
Since 

//(ft 3 ) = /x ({wi, w 2 }) + H ({wi, w 3 }) + /x ({w 2 , w 3 }) - A*(^i) - hM - A*M 

(4-10) 
a second of these numbers is not or 1. There are various possibilities, 
all of which are similar, and we shall consider two of them. Suppose, for 
example, that < /x ({wi,w 2 }) < 1 and < /x(cj 3 ) < 1. Then there exists 
an e > such that £ < /x ({0x2, w 2 }) < 1 — e and e < /x(u; 3 ) < 1 — s. Define 
Hi: A3 — ¥ M + by /xi(A) = /x(A) for A 7^ {u;i,u; 2 } or {w 3 } and /ii(w 3 ) = 
/x(w 3 ) + e, /ii ({wi, cu 2 }) = /x ({wi, w 2 }) + e. Thus, /xi satisfies (j4.10p so /Xi G 
A4(^l 3 ). Define /x 2 : A 3 -)• M + by /x 2 (A) = /x(A) for A 7^ {u;i,u; 2 } or {w 3 } 
and /x 2 (u; 3 ) = /x(c; 3 ) - e, /x 2 ({wi, w 2 }) = /x ({cui,a; 2 }) - e. Again /x 2 satisfies 
(I4.10p so Hi £ .M(A 3 ). Also, Hi ¥" l^i an d f 1 — 2 ^i + |a*2 which contradicts 
the fact that /x G Ext .M (A3). As another case, suppose that < /x(wi) < 1 
and < /x(fi 3 ) < 1. Then there exists an e < /x(w) < 1 — e and e < /i(fi 3 ) < 
l-e. Define /xi,/x 2 : A 3 ->■ R + by /xi(A) = /x 2 (A) = /x(A) for all A ^ {loi} 
or fi 3 and HiM = vM + e , ftiffi a) = M^a) - e, A^M = M^i) - £> 
^2(^3) +£■ Then /xi,/x 2 satisfy f l4.10|) so /ii,/x 2 G A^(A 3 ). Moreover, /xi 7^ /x 2 
and /x = |/Xi + |/x 2 which contradicts the fact that /x G Ext .M (A3). Since 
this method applies to all the cases, we conclude that Ext .M (A3) C P(A 3 ) 
and the result follows. □ 

Even though V(A n ) = Ext .M (An) for n = 2, 3 and the counterpart of 
this result for measures holds for all n, the result does not hold for all n. The 
next example shows that V{Ai§) 7^ Ext.M(Ai6) It would be interesting to 
find the smallest n such that V(A n ) 7^ Ext M.{A n ) and describe the form of 
elements in Ext M(A n ) s V(A n )- 

Example 7. It follows from an example in Section 6.1.4 [2 J that there 
is a /x G Ai(Aie) with /x(f2i 6 ) 7^ and there exist no unital, /x-preclusive 
G A* 6)9 . Now suppose that V{Ai§) = Ext.M(Ai6)- Then it follows from 
the Krein-Milman theorem that /x has the form H = Y2 ^itth \ > 0, /Xj G 
V(Aie), % = 1, . . . ,n. Now Hi can be considered as a coevent and our next 
result shows that Hi is quadratic, i — 1, . . . , n. Moreover, it is clear from the 
form of h that Hi is /x-preclusive, i — 1, . . . , n. It follows that Hi is n °t unital 
so /Xj(f2 16 ) = 0, i — 1, . . . ,n. But this contradicts the fact that /x(f2 16 ) 7^ 0. 
Hence, V(A 16 ) ^ Ext M(A W ). 
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If G A* n satisfies the condition G J\A(A n ) or equivalently G V(A n ), 
then we say that is a pitre coevent. Conversely, if /x is a pure g-measure, then 
we call the map ft,: A n — >■ Z 2 with the same values as /x the corresponding 
pure coevent. The set of all pure coevents in A* n is denoted by A* and is 
called the pure anhomomorphic logic. It is clear that every coevent in A 2 is 
pure so that A 2p = A 2 . However, there are only 34 pure coevents in A\ out 
of a total 2 23 " 1 = 128 coevents [8]. 

Example 8. Examples of pure coevents in A\ are u)*, a;* © co 2 , w* © ^1^2 
a;* ^2 , oj{ © ^2 © w* lu 2 , c^ © c^ oj 2 © w| w 3 , uo\ © W2 © wj u^ © w* w 3 , uo\ © w*^ © 
w^ © u>Zu>%, c^ © W2 © w 3 © w*a;| © a; *a;g © w^ and the rest are obtained 
by symmetry An example of a G A% that is not pure is = uj\ © u 2 © w 3 . 
Indeed, 0(f2 3 ) = 1 and 

({wi, u 2 }) + ({wi, w 3 }) + ({w 2 , w 3 }) - 0(wi) - 0(w 2 ) - 0(w 3 ) = -3 

Another example of a nonpure element of A% is xjj = u^ © WgWg. Indeed 
^(fi 3 ) = and 

V> ({wi, w 2 }) + V ({^i, w 3 }) + ^ ({w 2 , w 3 }) - ip(uJi) - ip{co 2 ) - ipM = 2 

Lemma 4.5. If G .A* , t/ien zs quadratic. 

Proof. We must show that if satisfies 

0(AU5UC) = 0(A US) + 0(AUC) + 0(5 UC)- 0(A) -0(5) -0(C) (4.11) 
then satisfies 

0(AU5UC) = 0(AU5) ©0(AUC) ©0(5UC) ©0(A) ©0(5) ©0(C) (4.12) 

Suppose the left hand side of ( I4.12J) is 1. Then there are an odd number of 
Is on the right hand side of (14. lip . Hence, the right hand side of ( I4.12J) is 1. 
Suppose the left hand side of ( 14. 12ft is 0. Then there are an even number of 
Is on the right hand side of ( 14. lip . Hence, the right hand side of (14 . 1 2 f) is 0. 
We conclude that ( |4.12[) holds so is quadratic. D 

Let C(An) be the positive cone generated by the set V(A n ). Thus /x G 
C(A n ) if and only if /x has the form /x = Yl Kfai A; > 0, /ij G V(A n ). The 
next result follows from Theorem 14.1( a). 
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H(u x ) = 


v ({(f) e a; 


fi(u 2 ) = 


v{{<t>eAl 


K^2) = 


v({4>eA$ 



Corollary 4.6. A q-measure /x transfers to A* np if and only if /x E C(A n ). 

Motivated by Corollary 14.61 one might conjecture that if every g-measure 
in C(A n ) transfers to .A* )0 , then A* np C .A* )0 ; that is, A* np is the smallest 
subset of A* n to which every g-measure in C(A n ) transfers. The next example 
shows that this conjecture does not hold. 

Example 9. We have that 

A^p — A 2 — {0, O;*, ^2, w{ © U 2i W 1 W 25 U l © w l w 2' W 2 © W 1 W 2*5 1} 
Let 01 = W*, 02 = ^2, 03 = W* © U^, 04 = ^1^2 5 05 = ^1 © ^1^2 & nd 

06 = 0J2 ® io{oJ2- If /x is an arbitrary g-measure on ^4 2 , then /x transfers to a 
measure f on A* 2 and we have that 

0( Wl ) = 1}) = ^(0,) + z/(0 3 ) + z/(0 5 ) + „(l) 
0(w 2 ) = 1}) = z/(0 2 ) + z/(0 3 ) + Z/(0 6 ) + 1/(1) 

0(fi 2 ) = 1}) = V{<j>l) + ^(02) + ^(04) + 1/(1) 

Letting ^o = {045 055 06}; we have that every g-measure on A2 transfers 
to A^q. In fact, if /x is a g-measure on ^4. 2 , then /x transfers to the measure 
v on ^.2,0 S iven b y K04) = M^), K05) = Ai(^i), z/(0 6 ) = fj,(u 2 ). This 
example also shows that the measure that /x transfers to need not be unique. 
For instance, let /x be the g-measure on A2 given by /x(wi) = 1, /x(a>2) = 1, 
/x(fi 2 ) = 0. Then /x transfers to V\ on ^ given by v\(4>^) = ^i(06) = 1 and 
i/(0) = 0, 7^ 05, 6 . Also, /x transfers to z/ 2 on .4^ given by z/ 2 (03) = 1 and 
z/(0) = for ^ 3 . 

Example 10. We use the same notation as in Example 9. We first show 
that a g-measure /x on A2 transfers to 

A\ m = {0,01,02,04} 

if and only if /x(f2 2 ) > [i(ui) + 11(102). If /x transfers to z/, then /x(u;i) = ^(0i), 
/x(w 2 ) = ^(02) and 

/x(fi 2 ) = K0i) + "(fa) + ^(04) 

Hence, ^(^2) > M w i + M 6 ^)- Conversely, if /x(fi 2 ) > /x(cui) + fi(co 2 ) then 
letting z/(0i) = /x(a>i), z/(0 2 ) = /i(w 2 ), K°) = and 

^(0 4 ) = M^2x ~ M^i) - ^(^2) 
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we see that \x transfers to v on A* 2m - We next show that a g-measure \x on 
Ai transfers to 

A\ a = {0,01,02,03} 

if and only if 

|/i(wi) - /i(w 2 )| < /i(^2) < V{ui) + /i(^2) 

If jj, transfers to v, then /i(wi) = */(0i) + ^(03), M 6 ^) = z/(02) + K03) and 
/x(n 2 ) = K0i) + ^(02)- Hence, /z(fi 2 ) < M w i) + ^(^2) and 

//(wi) - yu(u; 2 ) = z/(0i) + z/(0 2 ) < /U(fi 2 ) 
,u(u; 2 ) - /i(w!) = z/(0 2 ) - z/(0x) < /i(fi 2 ) 

so the given inequalities hold. Conversely, if the inequalities hold, then letting 
i/(0) = and 

K0i) = 2 [^(^2) + M w i) - Mw 2 )] 

^(02) = I [M^O - HM + A*(W 2 )] 

K03) = I [a*(wi) + /i(w 2 ) - A*(ft 2 )] 
we see that /i transfers to 1/ on A\ a - 
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